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Data-driven clinical practice and evidence-based medicine present themselves as critical tenets of medical practice the world over.
The use of data to achieve these tenets often involves using known clinical patient presentations and biological data to predict
disease outcomes and other post-care events (i.e. major adverse effects of treatment or mortality). These predictions are achieved
using statistical techniques, such as hypothesis testing and forecasting or prediction analysis, also accepted as regression analysis.

In its simplicity, regression analysis represents the statistical technique of applying certain mathematical computational equations
to determine the relationship between variables. Therefore, in the use of such mathematical equations, a change in a unit of one
variable (the independent variable) can lead to a predictable corresponding change in the dependent variable. This corresponding
change can be a unit change, in the independent variable, or it can be a quantifiable factor of the unit of change observed in the

independent variable.

The current paper takes an introductory and non-technical approach to discuss processes involved in regression analysis. The focus
is the understanding and application of linear and logistic regression to clinical data. Other types of regression methods such as
lasso, ridge, and polynomial regression analysis are mentioned but not fully discussed.
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Introduction

In statistical analysis, regression analysis is a technique used to
test the relationships between variables and make predictions
based on those relationships.” Regression analysis allows
researchers and analysts to understand how changes in one
variable (often called an independent variable) are associated
with changes in another (called a dependent variable).? The
ability to use the relationship between a dependent variable
and an independent variable allows for the prediction of future

values of the dependent variable.

This relationship might be causal in nature or deemed to just
predict an association. The relationships are explained through
variances, simple and multiple correlations, and regression
coefficients, in an iterative process of fitting the regression of
one variable on others.! The current paper serves to introduce
the reader to the two most common linear regression models:

linear regression analysis and logistic regression analysis.
Linear regression

There are various types of regression analysis methods, which
include but are not limited to linear regression, polynomial
regression, logistic regression, lasso and ridge regressions.
Figure 1 is a representation of the common types of regression

analysis methods.

It is important to note that Figure 1 represents linear models
in general and not specifically linear regression analysis. Linear
regression analysis is one type or form of a linear model, and so
are the other regression types in Figure 1.

Linear regression can be termed simple or multiple linear
regression. Simple linear regression tests the effect or influence
of one variable (independent variable) on a single dependent
variable.>* Equation 1 is a mathematical representation of the
simple linear regression analysis. This is a general equation for a
straight line. The equation is a derivative of a pair of simultaneous
equations called normal equations, and the method of using
these normal equations to derive a straight-line equation is
called the least squares method.>

The normal equations are useful for a simple straight-line
equation, while linear relations with curving lines require
different sets of derivatives.> As in the name, multiple linear
regression has multiple explanatory or predictor variables, often
called independent variables, used to estimate the future value
of a dependent variable.* Equation 2 represents multiple linear
regression analysis. Figure 2 describes the statistical assumptions
that must be met for linear regression analysis to be performed.

y=8,+B,x+€ Equation 12
Where y is the dependent variable that is made of continuous

data points; 3, is the slope of the line; x is the independent
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Maodels linear relationship.
Inputs and continuous numerical
output.

Maodels linear relationship.
Estimates the probability of an
event occurring.

Penalises features that have a
low predictive outcome by
shrinking their coefficients to
zero.

Penalises features that have a
low predictive outcome by
shrinking their coefficients
closer to zero.

Figure 1: Types of regression models or algorithms (in this case all models assume linearity between inputs and output)

variable; and 3, represents the intercept or the point where the
straight line cuts the y-axis. € is the error term.

Y =B+ BX X+ ...... B.x, +E
Where x,, X, and x, represent the multiple independent

Equation 22

variables. The rest of the equation has the same parameters as
the simple linear regression equation (Equation 1).

When plotting a regression model, and fitting the best line, some
points will fall on the line and others above or below the line of
best fit. Those points vertically above or below the line of best
fit are called residuals. The error terms in both equations 1 and
2 relate to these data points that do not perfectly fall on the line
of best fit.

When applied in linear regression analysis, the least squares
method aims to produce a fit where the sum of all the residuals
approximates zero, or the sum is the least or smallest.? Therefore,
this computation will produce two outcomes, where a) the
squared sum of the residuals (SSRes) represents deviation that
the model failed to explain or estimate, hence the relationship
to the error term, and b) the regression sum of squares (RegSS),
which represent the variation in the dependent variable (y) that
is explained by the line of best fit.*

Y=a+bX+e

In the model, the RegSS would be derived as a sum of the squares
of vertical distances from the line of best fit to the horizontal line
where y is equal to the mean or average. Both the RegSS and
the residual sum of squares (RSS) represent deviations from the
line of best fit. The former deviation is called explained deviation,
while the latter is called unexplained. Figure 3 demonstrates the
relationship of the measures of variation in linear regression
analysis.

The mathematical relationship of the measures of variation
represented in Figure 3 can be described by Equation 3.

Total sum of squares (TSS) = RegSS + ResSS Equation 3
Where RegSS is the regression sum of squares (derived from the
sum of the square vertical distances between the line of best
fit and y is equal to the mean, and ResSS is the residual sum of
squares (representing the sum of squared distances of all the
vertical points above and below the line of best fit).*

Then, to understand how well the regression model is
performing, a ratio of the RegSS over the TSS would indicate
model performance. As with all ratios, this ratio falls between 0
and 1, with 1 indicating a good and ideal model performance and
0 indicating a poor model. The outcome of this ratio represents
a regression correlation coefficient, called the coefficient of

Six fundamental assumptions:
+ 1. Linearity hetween slape

and intercept.

2. Non-random dependent

variable.

3. Value of residual is zero.

4, Value of residual is

.

constant,

5. Value of residual is not
correlated.

6. Residual values normally
distributed.

Y=a+bXl+X2+dX3+¢

Figure 2: Types of linear regression analysis: simple versus multiple
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Yy=Potpx+e

Tss

Figure 3: Measures of variation in linear regression analysis

determination (CD), denoted by R It is a measure of correlation
because, in classical linear regression analysis, the square root
of the CD gives an output mathematically equal to the Pearson
correlation coefficient.

To illustrate the simple linear regression, computer-generated
dummy data with patient ages and STAT 2020 mortality scores
were used. The mortality score was developed in 2009 and
updated in 2020. It is a risk stratification tool used to stratify
congenital heart disease surgical intervention into groups of
increasing risk of mortality.® These variables were generated
at random and represent no actual patients. To illustrate the
concept of simple linear regression, a mortality score is regressed
on age, which means age as the independent variable is used to
predict the value of a mortality score.

In Figure 4, the p-value of the model is significant, indicating that
the model is significant as a whole and can be used to describe
the linear relationship between age and risk of mortality. Age
is statistically significant and has a negative coefficient. This
negative statistically significant relationship indicates that as
age (in months) increases for paediatric patients with congenital
heart defects, which require surgical intervention, the risk score
decreases. Older paediatric patients are at a reduced risk of
mortality compared to younger paediatric patients, who would
in this example have a characteristically high risk score.

. regress STAT2020_score Age

In this model, Model SS represents RegSS, which are the
deviations explained by the model. The Residual SS represents
the error term or the sum of squares of the residuals. Although
the model is significant, the R? of the model is 6%. As discussed
earlier, this comes from the ratio ResSS / TSS. The smaller the
ratio, the weaker the model and the closer the ratio is to 1 or
100%, the better the model is at representing the variation in 'y,
which is explained by the model.

The equation of the line is therefore:
STAT 2020 mortality score = 0.45 + (-0.02) * age (in months)

Therefore, when age increases by a unit (one month increase in
age), the risk score decreases by 0.02. As such, this model allows
us to predict what the risk score can be at any known value of
age. At 12 months of age, the risk score can be calculated to be
0.21=0.45 +(-0.02 * 12).

Once a model such as in Figure 4 has been developed, the quality
of the model must be tested. Several post-model tests, based on
the assumptions that were made before the modelling process,
are used to assess whether the developed model is reliable. The
most used tests for the quality of the model include:

a. The y-estimates must fall within the range of the sample
y-values. If this condition is not satisfied, it may be possible
that at extreme ends, the relationship of y to x is non-linear.

b. The second condition to test is the distribution of the residuals.
In a normal distribution, the data are symmetrical around the
mean, and when testing the distribution of the residuals, it
would be expected for the polygon to peak around zero.”

c. Test the variation of the residuals. A test of homoscedasticity
or heteroscedasticity is often performed, where the variance
of the residuals across a range of x-values is tested. An even
variance, called homoscedasticity, is a desired outcome. There
are statistical tests such as the Breusch-Pagan test or the White
test for this equality of variance.

d.The independence of residuals otherwise represented as
autocorrelation should be tested. It is desired that the residuals
must be independent and not autocorrelated. A Breusch-

Source SS df MS Mumber of obs = 243

F(1, 241) = 14.82

Model 1.55362034 1 1.55362034 Prob > F = @.e002
Residual 25.2654743 241 .1e4835993 R-squared = @.e579
Adj R-squared = @.e540

Total 26.8190947 242 .11e8227@5 Root MSE = .32378
STAT2@20_s~e | Coefficient Std. err. t P>t [95% conf. interval]
Age -.8194887 .Be5e625 -3.85 9.008 -.8294611 -.0095163

_cons .4452594 .8267026 16.67 9.008 .392659 .4978598

Figure 4: STAT output for linear regression analysis where age is used to predict the risk of mortality score
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Godfrey LM test may be computed to test the null
hypothesis on the independence of the residuals.

e.Finally, a test for missing variables may be
performed to assess the quality of a simple linear
regression model.2 A Ramsey RESET test can
be performed and it will indicate if the model

Variable | Obs W v z

. predict residuals, resid
(6 missing values generated)

. swilk resid

Shapiro-Wilk W test for normal data

Prob>z

performs better if additional variables are added.

Figures 5, 6, and 7 represent the STATA outputs for
thetestsinbtoe.

residuals | 243

0.79745 35.829 8.315 ©.00000

Figure 5: STATA output showing the generation of residuals as a new

variable, then testing distribution

In Figure 5, the residuals are first generated as a
variable in the data set. Then a Shapiro-Wilk test is
applied to ascertain the nature of the probability of distribution
of the residuals. The high significant p-value indicates that the
residuals are not normally distributed. Figure 6 presents the two
possible tests for testing the equality of variance of the residuals.

A Breusch-Godfrey test for autocorrelation tests the null
hypothesis that postulates no autocorrelation and if significant,
the null would be rejected. Finally, Figure 7 represents the result
of the Ramsey RESET test.

After developing the model and testing the quality of the model,
it can be accepted that although the model has a significant F
statistic, and the relationship of age to the mortality risk score
was found to be significant, a better model may be possible
when other variables are added to the model to enhance the
understanding of factors related to mortality in this case.

Although linear regression analysis has numerous applications in
medical research, it is often limited by the nature of the outcome
variable being studied.? It is limited to studying outcomes that
are continuous, such as changes in blood pressure. However, the
presence orabsence of a specific outcome of medical intervention
and factors associated with such outcomes are often the desired
knowledge. These intervention outcomes can be adverse effects
of a new treatment regime compared to a standard of care, or
in-hospital mortality, and have binary dependent variables that
cannot be studied using linear regression analysis. For binary
outcomes, logistic regression analysis is the correct type of
regression to test the linear relationship between inputs and
output.z3

Logistic regression

Unlike in linear regression analysis, the estimating equation or
method in logistic regression is the maximum likelihood (ML)
method. The ML method uses a likelihood function, which is a
probability function, where the probability of a certain binary
outcome (Y) is the highest. This method allows for determining
how the probability of success [P(Y) = 1)] can be affected by the
presence of predictor variables (predictor variables that also
have a probability of occurring in the population being studied).

In the previous linear regression model, the effect of age on the
mortality risk score was tested. In a logistic regression, where the
dependent variable can be mortality (where 1 means mortality
present and 0 indicates the absence, with either state having an

+ hettest, rhs

Breusch-Pagan/Cook-Weisberg Lesl for helervskedaslicily
Assumption: Normal error terms
Variable: All independent variables

HO: Constant variance

chi2(1) = 10.87
Prub > chi2 = @.00l1@

. imtest, white
White's test

HO: Homoskedasticity
Ha: Unrestricted heteroskedasticity

chi2(2) - 11.12
Prob > chi2 = @.0038

Cameron & Trivedi's decomposition of IM-test

Source chiz df p
Heteroskedasticity 11.12 2 e.0038
Skeuwness 12.39 1 9.80ea

Kurtosis 1.83 1 ©8.1758

lotal 25.35 q 9.0888

Figure 6: Test for equality of variance of the residuals
. estat ovtest

Ramsey RESET test for omitted variables
Omitted: Powers of fitted values of STAT202@_score

H@: Model has no omitted variables

F(3, 238) = 7.13
Prob > F = @.0001

Figure 7: Ramsey RESET test with a significant p-value, indicating that
the model misses some additional predictors

associated probability), it may be important to establish how
the probability of mortality can be affected by the presence of
comorbid disease in a patient. In this case, it may be possible
that the presence of the comorbid disease may increase the
probability of mortality. This conjecture is based on the premise
that for non-mutually exclusive events (the presence of comorbid
disease can occur together with mortality, and each event has a

probability), probabilities are multiplicative and not additive.®
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The logistic regression model also applies

a mathematical formula in testing the
relationship of the binary outcome, with
independent variables that can also be

binary or categorical. When the coefficients
are exponentiated, the relationship of how
one status affects the probability of the
other status can then be presented as the

odds of the latter occurring.® It is similar

to linear regression but differs in the
outcome variable (binary outcome) and

- logit Mortality Meorbidity STAT2020_score Age
Iteration O: log likelihood = -47.745889
Iteration 1: log likelihood = -46.881753
Iteration 2: leog likelihood -44 . 20935
Iteration 3: log likelihood = -44.196562
Iteration 4: log likelihood = -44.196531
Iteration 5: log likelihood -44 196531
Logistic repression Number of obs = 242
LR chi2(3) = 7.18
Prob > chi2 ©.9688
Log likelihood = -44.196531 Pseuda RZ2 = B8.8743
Mortality Coefficient Std. err. z P>|z| [95% conf. interwvall]
Morbidity 1.82557 -B528574 1.2e 8.229 -.5444321 2.895571
STATZ2@20_score 1.210641 . 7198585 1.68 9.993 -.2002554 2.621538
Age -.114241 1227597 -@.93 ©9.352 -.3548456 -1263636
cons =3.357176 -BBE82E1 =5.52 e.ae8 =d . 548889 =2.165463

has similar assumptions. Since it models

the probability of an outcome that has a
chance of being in one state or the other
(outcome present versus outcome absent), | 1..i¢  Mortality
this ratio is modelled as a logarithm of

Figure 8: A saturated logistic regression model, built to derive a final model through stepwise
backward regression analysis

STAT2828_scors Ags

Iteration @: log likelihood - -47.745809
the chance of that outcome, hence the 1teration 1: log likelihood - -45.983483
. . Iteration 2: log likelihood = -44.816493
need to exponentiate the coefficient t0 1\, .ijon 3: log likelihood - -a4.809873
attain interpretable odds ratios.’® Pandis  iteration 4:  log likelihood - -44.809855
X X X Iteration 5: log likelihood = -44.809855
describes the mathematical equation to
. . w9 Logistic regression Number of obs = 242
model this outcome and is called a logit. LR chi2(2} . EE
Equation 4 represents the mathematical Prob > chi2 = @.8531
. L. . Log likelihood = -44.889855 Pseudo R2 = ©.8615
equation of the logistic regression. The
deferential StePs to derive the equatlon Mortality Coetficient Std. err. 3 Py |z [95% cont. interval]
can be found in Pandis, 2017.°
STAT2028_score 1.261616 . 697345 1.81 a.ava -.1851552 2.62B387
Ape -.1237151 .123521 -l.ee 8.317 -.3658119 .1183817
Log(p/1 - p) = By + Byx, + BX, + ... B.X, _cons -3.257578 .5848614  -5.57 ©.806  -4.403885 -2.111271

When developing logistic
analysis, the analyst can either start from

regression

a full model and progress to remove very

insignificant variables, one variable at a time (a process called
stepwise backward regression analysis); or the starting point can
be a null model, with only the intercept, and progress forward to
add predictors.’ To illustrate a logistic regression and interpret
the results, the same data that were used for the linear regression
analysis were used here.

Additionally, the computer-generated data included data on
morbidity and mortality. As in linear regression analysis, once
the logistic regression model is built, the next step is to assess
the quality of the model, and similarly, there are a set of tests that
can be performed.

An important consideration when setting off to compute a
logistic regression analysis is the sample size. Smaller sample sizes
with multiple variables produce bad-quality logistic regression
models (models that have a high chance of overestimating the
effect measured).” An events per variable (EPV) approach is a
popular method used to avoid the overestimating problem due
to insufficient sample size."" EPV is derived using the number
of observations in the smaller of the two outcome groups, in
relation to the number of predictor variables identified to be
used in the model.""'2 These variables are called candidate
predictors because it may compromise the model to use all of
them in a saturated model. A rule of thumb often cited when
using the EPV is that an EPV of 10 is acceptable.?

Figure 9: Stepwise backward univariate analysis regression excluding morbidity

To demonstrate the logistic regression analysis, a saturated
model (model with all variables: morbidity, mortality risk score
and age, predicted mortality) was developed. Using a flexible
p-value of 0.25, the non-predictive variables were dropped out.
This is often called a univariate logistic regression analysis.'

An important first observation of the model in Figure 8 is that
it is not a statistically significant model. The univariate analysis
principle, as discussed in Sperandei, would suggest that variable
age be dropped out first.© Age has the highest p-value of
0.35, which is greater than the recommended 0.25 suggested
by Sperandei.’® The p-value of 0.25 is not a rigid selection, as
the intention of the regression at this stage is not to predict
relationships but rather to select candidate predictors.'® Based
on this notion, age was kept in the model at the first backward
dropping of predictors. Morbidity was the initially excluded
predictor as in Figure 9.

Figure 9 still reflects an insignificant model, but the p-value
has improved to what some researchers might term marginally
significant. In this paper, even if the p-value is above 0.05 by a
small fraction of a number, it was considered insignificant. The
Figure 9 model still has age as highly insignificant (p-value of
0.32). Therefore, in the second iteration of model building, in the
direction that removes insignificant variables, age was omitted
in the next model.
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The iterations in Figure 10 (4 iterations) indicate how
rapidly the modelling process converged. The model
had a log-likelihood of -45.60, which is a measure of the
goodness-of-fit (GOF). It can range from negative infinity
to positive infinity. The bigger the log-likelihood of a
model is, the better the model. However, it is often not a
used indicator, unless it is used to help compare nested
models.

The model without the two highly insignificant variables
(age and morbidity), is a significant model. The likelihood
ratio chi-square has a significant p-value. This indicates
that adding the variable surgical risk of mortality score
made the model predict mortality better than the null
model (a model with just the intercept). However, it is
possible that in practice a reduced model may exclude
some variables that have clinical relevance. Therefore,
the determination to identify a model as final should
always weigh in the clinical relevance of the factors
studied for the outcome of interest. For the current
paper, the model in Figure 10 was accepted as the final

. logit Mortality

STAT2020 _score

Iteration @: log likelihood - -47.847897
Tteration 1:  log likelihood = -46.597586
Tteration 2: log likelihood = -45.577526
Iteration 3: log likelihood = -45.576949
Iteration 4: log likelihood - -45.5765949
Logistic regression Number of obs = 244
LR chi2(1) = 4.54
Prob > chi? = 08.8331
Log likelihood = -45.576549 Paeudo R2 = B.8474
Mortality | Coefficient S5td. err. z p=|z| [95% conf. interval]
STAT28208 score 1.514173 .BG32678 2.28 @.022 . 2141525 2.814193
CONS -3.877442 .4858115 -7.57 0.000 -4.629615 -2.725269

Figure 10: Final significant model, presented with the coefficients that need to
be exponentiated to get the odds ratios

. logit, or

Logistic regression Number of obs = 244

LR chi2(1) = 4.54

Prob > chi2z - ©8.8331

Log likelihood = -45.576949 Pseudo R2 - B.8474
Mortality ‘ Odds ratio Std. err. z P)I/l [95% conf. interval]
STAT20208_scare 4.545859 3.81588 2.28 @.822 1.238812 16.67371
_cons .8252876 .812285 -7.57 9.e00 . 8997585 .0B55285

logistic regression model. Figure 11 represents the final
model with odds ratios. To have the confidence that the
selected model is indeed the best, a LR test with a null
hypothesis can be computed to establish if the models
are statistically different (significantly different based on
the null hypothesis that the full model is the same as the reduced

Note:

model).

For the model in Figure 11, for every one-unit change in the
STAT 2020 mortality risk score, the log odds of mortality (versus
survival) increased by 4.55. The final model equation is:

log(p/1 - p) = 0.25 + 4.545659*STAT2020score

To test the quality of the model, there are a few techniques to
establish the prediction error of the model. A useful technique is
the training and testing approach, where the data can be subset
with a bigger portion, often 70% used to develop the model in
a process called training, and the rest of the data are used to
validate the model in a process called testing.'* Another method
is the use of the area under the receiver operating characteristic
curve (ROC curve). Additional methods include computation of a
confusion matrix, using GOF tests (Pearson GOF and the Hosmer-
Lemeshow GOF tests), information criteria statistics, which are
also a form of GOF tests, and analysis of residuals following the
model command.'

The vertical line in Figure 12 can be taken as a model that has
no predictive value. A model with a high predictive value has an
area under the ROC curve that approximates or goes closer to
1. The current model has an area under the ROC curve of 0.71.
A ROC curve of 0.72 is often described as representative of a
strong model, and the current model nearly achieved that level
of predictive value.

Figure 13 represents the result of a Pearson GOF test. The
null hypothesis is that there is no difference in the number of

cons estimates baseline odds.

Figure 11: Final model with odds ratios and their 95% confidence interval (Cl)

0.50 0.75 1.00
L L L

Sensitivity

0.25
L

T
0.00

0.00

T

T
0.25 0.50

1 - specificity
Area under ROC curve = 0.7062

Figure 12: ROC curve for the final logistic regression model

. estat gof

Goodness-of-fit test after logistic model
Variable: Mortality

Number of observations = 244
Number of covariate patterns = 14
Pearson chi2(12) = 24.97

Prob » chi2 = @.01580

Figure 13: A GOF test statistic with a significant p-value

observed and predicted successes in each group of the outcome.
The p-value is significant and therefore we can reject the null
hypothesis. This test statistic corrodes the confidence that
regression has achieved good agreement between the model

predictions and the observed mortality outcomes.
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. estat class

Logistic model for Mortality

True
Classified D ~D Total
+ e 2] 2]
- 12 232 244
Total 12 232 244
Classified + if predicted Pr(D) »>= .5
True D defined as Mortality != @
Sensitivity Pr( +| D) 0.00%
Specificity Pr( -|~D) 1ee.ee%
Positive predictive value Pr( D| +) %
Megative predictive value Pr(~D| -) 95.88%
False + rate for true ~D Pr( +|~D) @.00%
False - rate for true D Pr( -| D) 1ee.ee%
False + rate for classified + Pr(~D| +) %
False - rate for classified - Pr( D| -) 4.92%
Correctly classified 95.08%

Figure 14: A confusion matrix for the logistic regression model

Although a confusion matrix is one of the most popular post-
regression tests, the results can be affected by the proportion of
the outcome in the sample or the positive cases.™ This problem
was a reality for the current model developed using data that
was computer generated and might not represent real-life
patient data. However, the data worked well to demonstrate the
concepts. This limitation can be addressed by earlier steps of
considering the representation of the outcome in the sampling
techniques and calculations. Figure 14 reports the indicators in

the confusion matrix.

Whether the data types favour linear regression analysis or
logistic regression analysis, the process of data collection, data
preprocessing, and finally deciding on the correct regression
analysis to be performed require diligence and careful
understanding of the statistical assumptions associated with the

chosen analysis.

Conclusion

Regression analysis is a powerful tool that enables researchers
and analysts to uncover relationships, identify trends, and
make predictions. If adequate data is used correctly, studied
relationships using regression analysis can provide insights
about the phenomena in question. Simple linear and multiple
linear regression can be used successfully to understand health
data that is continuous, but when data of interest has dependent
variables that are binary or categorical, a linear regression analysis
will be incorrect. The logistic regression can adequately analyse
data where the outcome is binary. It is important to perform
post-model testing to ensure the quality of the regression model.
This quality assurance will enhance the usefulness of the insights
derived from regression analysis and modelling.
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